Abstract. We obtain some cut&paste formulas for the spectra of (complex, redcued) plane curve singularities.
Introduction
Consider a (complex, reduced) plane curve singularity (C, 0) ⊂ (C 2 , 0). The singularity spectrum is a strong topological invariant of (C, 0), [Steenbrink1976] . It is a collection of rational numbers, −1 < ξ 1 ≤ · · · ≤ ξ µ < 1, here µ is the Milnor number of (C, 0). We use the additive notation:
This work has originated from the following "experimental observation". Consider the (reduced) tangent cone T (C,0) = {l 1 , .., l r }. Accordingly, consider the tangential decomposition (C, 0) = r ∪ α=1 (C α , 0). Here (C α , 0) can be further reducible, but its tangent cone consists of one (multiple) line and the tangent cones are distinct for different parts: T (Cα,0) ∩T (C β ,0) = {0}. For each α the "directional approximation" is defined as follows. Let (D, 0) ⊂ (C 2 , 0) be an ordinary multiple point of multiplicity mult(C, 0) − mult(C α , 0), i.e. a collection of smooth pairwise non-tangent branches. Assume T (Cα,0) ∩ T (D,0) = {0}. Then the approximation of (C, 0) in the direction {l α } is (C (α) , 0) = (C α ∪ D, 0). This germ is not unique, but its embedded topological singularity type is well defined.
Using these notions the "experimental observation" on the spectrum can be stated as:
(1) Spec(C, 0) = This relation might look unexpected, it becomes more transparent if one compares the first blowup of both sides (schematically): Here ≡ denotes the equality of classes in an abelian group defined later. The relation above is just the simplest among numerous relations of singularity spectrum. In this paper we give a method to construct many relations of this type. Given some singularity types, {C i , 0} , and some integers, {a i }, we write
Usually we write this in terms of (partial) resolution, e.g. as in equation (2).
Preliminaries
2.1. The spectral pairs. Let (S, 0) be a normal surface singularity which is a rational homology sphere. Consider a reduced curve singularity, (C, 0) ⊂ (S, 0). Consider its embedded good resolution, see the diagram. Here • U is a smooth surface, π is proper and U \ {E i } ∼ − → (S, 0) \ {0}.
• {E i } are smooth projective curves, |E i ∩ E j | ≤ 1.C → (C, 0) is the strict transform,C is the multi-germ. All the intersections inC ∪ {E i } are normal crossings.
(C 1 , 0) As (S, 0) is a rational homology sphere, the dual graph, Γ = {E i }, is a tree of P 1 's. Define the "chronology" on Γ as follows. Choose any irreducible component of {E i }, call it the base point, E * . For any other E i consider the shortest path from E i to E * in Γ. (As Γ is a tree, this path is unique.) Denote the nearest neighbour of E i on this path by E p(i) . We often take as E * the first exceptional divisor that is born at the first blowup of (S, 0).
We recall the description of the spectral pairs, Spp(C, 0) = µ i=1 t [ξi,mi] , from [Schr.Stee.Stev.] , see also for the spectrum. For each component i ∈ Γ \ * introduce the following greatest common divisors:
Using them we construct the following parts of the spectrum:
(4)
(Here {x} is the fractional part of x.) Then, [Schr.Stee.Stev., Theorem 2.1]:
2.2. Some typical singularity types. In this paper we work with embedded topological singularity types and associated invariants. Thus, by a curve singularity (C, 0), we mean any representative of the given singularity type. We often depict the singularity type by its (partial) resolution or by the dual graph.
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For further reference we record the Milnor numbers:
Lemma 2.1.
Proof. We use the classical relation for δ-invariants:
term is the sum of the intersection numbers. To compute the Milnor number we use the relation δ = µ+r−1 2 . In our case:
This intersection multiplicity can be computed by restricting the ideal (y (j−1) − x j ) to the local ring of
one considers the ideal generated by
The conductor of the local ring is t (i−1)(i−2) and the basis (as a -vector space) is: 1,
.. . Note that the gaps of the ideal are in the natural bijection with the gaps of the ring. Finally,
Substitute all this into the relation for δ-invariant, to get:
proving the first statement. The second statement follows by subtraction,
3. Additivity of the spectrum
Proof. The proof is just a rearrangement of the original expression in equation (5). We need only the spectral values, thus, ignoring the second arguments in t [ξ,q] , we get Sp(C, 0) = i∈Γ Spec Ei , where each Spec Ei consists of the contributions
So, we get:
We claim that this expression coincides with the stated one. In the case i = * the coincidence is directly seen. So we consider the case i = * . By renaming s → m i − s we get:
Now the statement follows.
Cut-and-paste formulae
Suppose after the i'th blowup one gets a smooth surface with the configuration as on the first picture. Here D denotes some collection of curve singularities, while the blackbox denotes the rest of exceptional divisors and the remaining part of the strict transform,C \ D.
Consider the associated singularity types, defined by the partial resolutions. On the second picture the curve singularities of D are replaced by several smooth curve germs that intersect E i normally. On the third picture the rest of exceptional divisors is replaced by a collection of smooth germs. (i−1)m1−p1 m1
Proof. 1. Use the presentation of spectrum obtained in lemma 3.1. As the expression is additive, Spec(C, 0) =
it is enough to check each Spec Ej . As the cut-and-glue operation occurs only at E i , we should check only Spec Ei . Further, the expression for Spec Ei is additive onC ∩ E i and E j ∩ E i . 2. The proof is an easy induction on the minimal number of blowups needed to resolve the singularity. Blowup (C, 0) ⊂ (C 2 , 0) once, let E 1 be the exception divisor, andC 1 the strict transform. If the intersection E 1 ∩C 1 is non-transverse in at least two (distinct) points then apply equation (2). (It is a particular case of relations of part 1.) Therefore we can assume that eitherC 1 , E 1 intersect transversely everywhere, i.e. (C, 0) was an ordinary multiple point, or the intersection is non-transverse precisely at one point. In the later case blowup at this point. Let E 2 be the new component, letC 2 be the current strict transform of (C, 0), denote the strict transform of E 1 byẼ 1 . By the construction, the intersection ofC 2 withẼ 1 \ E 2 is transverse. If the intersection ofC 2 withẼ 1 ∪ E 2 is transverse then we get the statement. If the intersection ofC 2 with E 2 \Ẽ 1 is non-transverse, apply part 1. Then one get a singularity whose resolution length is smaller than that of (C, 0), hence one uses the induction assumption. The remaining case is: the only non-transversality occurs atẼ 1 ∩ E 2 . In this case blowup this pointẼ 1 ∩ E 2 and continue in the same way.
3. If all the branches of (C, 0) are smooth, then no branch of the strict transform passes through the intersection point E i ∩ E j . Thus we do not need to blowup at the point E i ∩ E j . 4.
Step 1. We prove the elementary decomposition: 
. . . 
and such that the corresponding graphs are the (dual) resolution graphs of some reduced plane curve singularities. In terms of the representatives of singularity types this equality can be written as:
The resolution of the singularity (
We should compare the sums of spectra in both parts. p1
. . . . . .Use the presentation of lemma 3.1, Spec(C, 0) = i∈Γ Spec Ei . Note that there is the natural correspondence between {E i } of all the participants. (It is helpful to we draw the actual resolutions.) For each E i of each participant the contribution consists of the part |C ∩ E i | (15)mE1 m k E k −
≡
−
+
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(Note: the strict transformC and the rest of exceptional divisors are not drawn here.)
We write the formulas corresponding to the pictures. In all the cases we choose * = 2.
(16)
By direct check: everything cancels.
Step 2. Now we use the formulae (13), (14) 
Finally, present 
mi+1
Recal that m k = km 1 − p 1 , thus m k − jm 1 = (k − j)m 1 − p 1 . This gives the statement 4.1. The non-additivity of spectral pairs. The spectral pairs are more delicate invariants, they are not additive, even in the simplest cases.
For example, consider the singularity of the type (The natural wish is to use the "tangential decomposition", as in equation (2) 
(1 − α) 2 + m 2α − 1 − 2{αm} (1 − α)
The formula for the spectrum is written in lemma 3.1. In our case it gives: 
